Abstract-Device-to-device (D2D) communication has huge potential for capacity and coverage enhancements for next generation cellular networks. The number of potential nodes for D2D communication is an important parameter that directly impacts the system capacity. In this paper, we derive analytic expression for average coverage probability of cellular user and corresponding number of potential D2D users. In this context, mature framework of stochastic geometry and Poisson point process has been used. The retention probability has been incorporated in Laplace functional to capture reduced path-loss and shortest distance criterion based D2D pairing. The numerical results show a close match between analytic expression and simulation setup.
I. INTRODUCTION
T HE homogeneous Poisson point process (PPP) and its variant marked PPP (MPPP) has special characteristics to provide mathematical tractability for modeling the spatial distribution of macro cells, small cells, and cellular users. These tools are used in [1] [2] [3] to derive the analytic expression for transmission capacity and outage probability of cellular and D2D users; however, no notion of D2D pairing, based on some selection criterion (e.g., reduced path-loss), has been assumed in Laplace functional of point process. This means every node is in D2D communication even if the nodes are not in a feasible cooperation region 1 . The maximum achievable transmission capacity of D2D communication in heterogeneous networks with multi-bands has been analyzed in [4] . The problem has been formulated as a sum capacity optimization problem for D2D network where outage probabilities of cellular and D2D users are set as constraints. The results of [4] are based on MPPP for D2D user density, however, similar to the previous papers, no analytic representation of some criterion-based D2D pairing has been considered.
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In this letter, we present an analytic framework for the analysis of average coverage probability of cellular user and corresponding D2D user density. Using mature framework of stochastic geometry and MPPP, we introduce retention probability in Laplace functional of MPPP to capture the effect of reduced path-loss based selection of D2D pairs. By assuming every node in D2D communication (no D2D pairing criterion) and using same transmit power for D2D pairs, a lower bound on average coverage probability has been introduced as a special case.
The system model is presented in Section II. Section III covers retention probability followed by derivation of closedform expression for average coverage probability of cellular user. Numerical results are presented in Section IV followed by conclusion in Section V.
II. SYSTEM MODEL Consider small cell base station (SBS), cellular user, and potential D2D users as shown in Fig. 1 . In this model, the uplink resources of cellular users are shared by potential D2D users. The time division duplex (TDD) mode is assumed between D2D users. The data and signaling is provided by the SBS to the cellular users whereas only signaling is assumed for potential D2D users. For average coverage probability of cellular user, interference is generated by all D2D pairs.
The cellular and potential D2D users are distributed in the coverage area bounded between SBS radius R and the protection region R 0 . All potential D2D users can make pair with each other, however, due to the small probability of occurrence, pairing of more than two D2D users with the reference user is ignored in this work. The distance between SBS and cellular user is r c which is used to calculate pathloss. Every successful D2D pair has a distance of r d between nodes. The channel model assumes distance dependent pathloss and Rayleigh fading. The simple singular path-loss model Retention Probability (r c −α ) is assumed where the protection region ensures the convergence of the model by avoiding r c to lie at the origin. However, R 0 ≪ R such that it can be considered as an atom in point process terminology i.e., R 0 ∼ 0. The received power at SBS follows exponential distribution. The distance r c follows uniform probability distribution function (pdf) as follows:
where R 0 ≤ r c ≤ R and 0 ≤ θ ≤ 2π.
III. RETENTION AND COVERAGE PROBABILITY
We assume homogeneous MPPP for distribution of potential D2D users to analyze the average coverage probability of cellular user. The homogeneous MPPP Φ = {x i , y i } is defined by marks and labels. The marks represent the spatial positions on the plane x i ∈ R 2 and labels represent the channel gains y i ∈ R + of D2D users. In order to incorporate selection criterion for D2D pairing, we assume reduced pathloss (shortest distance) between potential D2D users. All nodes that do not meet this criterion are excluded from D2D pairing. In this context, we convert Φ to Φ p where p : R 2 → [0, 1] performs thinning process to analytically capture the shortest distance based selection of points.
The number of points that generate shot-noise field (SN) at a reference point are implicitly represented in Laplace functional of MPPP [5] given as:
where f (x) is the real function defined on R d and λ is the intensity measure of points (in this case D2D user density). If we introduce retention probability p(r d < µ) as the probability that certain points meet some target distance µ, then we can incorporate it in Laplace functional of MPPP. For notational convenience, we will use p(r d ) in Laplace functional (2) as:
In this paper, we introduce p(r d ) (based on [6] ) with tuning factor k to analytically capture simple reduced path-loss (shortest distance) based selection of D2D pairs as follows:
The tuning factor has been determined by simulating the system model. The retention probability has been plotted for D2D user density λ, target distance µ, and different values of k. For illustrative purpose, the value of λ = 0.000025 has been chosen as shown in Fig. 2 . The value of k = 0.8 matches with the simulation runs for lower values of target distance (e.g., µ ≤ 50m). For this value of k, the retention probability for different values of λ has been plotted in Fig. 3 . In this figure, retention probability depends on two parameters i.e., λ and µ. The higher value of λ results in larger number of potential D2D pairs within a target distance; however, shortest distance criterion allows only single pair for D2D communication. This results in mismatch between analytic expression and simulation curves. For example, the value of λ = [0.000050, 0.000075, 0.0001] results in higher mismatch as compared to the lower values ([0.000012, 0.000025]). This mismatch can be removed if point-to-multipoint D2D links are considered for direct communication. The higher λ also increases the retention probability which is intuitive as more D2D links can meet the target distance criterion. The target value µ has similar interpretation. For lower target values, few D2D interferers lie in target distance. This results in close match between analytic expression of retention probability and simulation curves. The higher target distance results in more interferers which is not instructive for realistic scenarios.
In order to derive average coverage probability of cellular user, we assume interference-limited environment (σ 2 = 0). Hence, the signal-to-interference ratio (SIR) is given as:
where p c , and p i are the transmit power of cellular user and D2D interferers, respectively; f c , and f i are respective smallscale fading. The corresponding distance dependent pathlosses are r i . The average coverage probability of cellular user distributed uniformly over plane between R and R 0 at a distance r c from the serving SBS is given as:
where
is the interference due to D2D users in the coverage area. In (6), the coverage probability depends on a number of random variables e.g., p c , f c , r
i . The power transmitted by the cellular user p c is assumed to be independent of the interferers and controlled by the serving SBS. The fading f c and f i follows Rayleigh distribution with p c and p i as exponentially distributed. The cellular user is uniformly distributed in the coverage area of SBS whereas all interferers are distributed according to MPPP process. Conditioning on g = {p i , f i }, the coverage probability of cellular user for a given transmit power p c is
De-conditioning by g, (8) results into:
where s c = γp 
where (10) results from the i.i.d distributions of p i and f i and further independence from the underlay MPPP process. The probability generating functional (PGFL) for a function f (x) with retention probability p(r d ) from (4) implies:
Putting f (x) from (10) into (11) results:
By substituting
Since R 0 ≪ R, therefore assuming R 0 ∼ 0, the integral on right hand side of (13) can be evaluated as:
Putting (14) into (13) and using uniform distribution from (1), the average coverage probability of a cellular user (6) is:
For same transmit power of all D2D interferers, the average coverage probability of cellular user for path-loss exponent α = 4 and R 0 ∼ 0 reduces to:
The lower bound on average coverage probability of cellular user is simply the cellular coverage probability without PPP thinning process. It can be derived by relaxing the shortest distance criterion and allowing every node to be in D2D pair. This case shows maximum interference due to full frequency reuse by all nodes in the coverage area. If we assume p(r d ) = 1, it means target distance µ in (4) has no distance constraint and all nodes in the coverage area can communicate directly on same channel as used by the cellular user. In this case, the lower bound on average coverage probability of cellular user is given as:
IV. NUMERICAL RESULTS
In this section, we numerically evaluate the analytic expressions of Sec. III by varying the number of different parameters for a fixed cell of radius R = 500m and a radius of protection region R 0 = 1m. The cell-edge effect is simulated by dropping D2D users around cell boundary. The D2D pairs are chosen on reduced path-loss (shortest distance) criterion which is captured analytically by thinning the Poisson point process using retention probability (4). The power ratio of cellular user and D2D transmitter is assumed to be 500 with p c = 100mW and p i = 0.2mW. In order to calculate the average effect of coverage probability, 3000 monte-carlo simulations are run. The average coverage probability of cellular user in (16) depends on D2D user density λ, D2D transmit power p i and the transmit power of cellular user p c . For a maximum target distance of µ = 50m, many nodes meet distance criterion, however, the pair with meets shortest distance criterion (r d ≪ µ) is chosen for D2D communication. For such a scenario, it is reasonable to assume same transmit power for every D2D pair in the coverage area. To analyze the gain due to introducing retention probability, the average coverage probability of cellular user has been compared with the lower bound (conventional modeling) in Fig. 4 . In this figure, coverage gain can be observed for a cellular user. For example, for λ = 0.00005, target SIR of γ = -5(dB) results in average coverage gain of around 27.7% whereas γ = 20(dB) results in coverage gain of around 19.8%. For higher values of λ and lower γ, the coverage drop is insignificant unlike higher values of γ which scales the effect of interference more significantly. For example, λ = 0.000075 and γ = 20(dB) results in coverage gain of only 8.7%.
In Fig. 5 , the average coverage probability of cellular user for γ = 0(dB) and variable D2D density has been plotted. The coverage drop due to increased number of D2D pairs meets the intuition i.e., for higher value of λ, more D2D pairs can be made which means higher SN effect and reduced average coverage probability. Another effect can be seen in case of thinning where higher values of λ results in divergence from the analytic expression as mentioned in Sec. III. In case of no-thinning, every D2D pair act as an interferer resulting in close match between analytic expression and simulation setup.
V. CONCLUSIONS
In this paper, we introduce retention probability in Laplace functional of MPPP as the selection criterion for D2D pairing. Based on reduced path-loss and shortest distance between D2D pairs, the average coverage probability of cellular user has been analytically and numerically evaluated. The simulation results verified the closed-form approximations for different values of λ. The D2D user density and corresponding number of D2D pairs can be selected by maintaining the average coverage probability of cellular user. A lower bound on average coverage probability of cellular user has also been introduced where no retention probability is considered and every node is assumed to be in D2D pair. This lower bound corresponds to the conventional coverage probability of a cellular user.
